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Abstract 

We study leading string corrections to the type IIB supergravity solution dual to the 
Af = 1 supersymmetric SU (N + M) x SU (N) gauge theory coupled to bifundamental 
chiral superfields Ai,Bj, i,j = 1,2. This solution was found in hep-th/0007191| , and its 



asymptotic form describing logarithmic RG flow was constructed in [hep-th/0002159| . The 



leading tree-level string correction to the type IIB string effective action is represented 
by the invariant of the form o;' 3 (i2 4 + ...). Since the background contains 3- form field 
strengths, we need to know parts of this invariant that depend on them. By analyzing the 
5-point superstring scattering amplitudes we show that only a few specific R 3 (Hs) 2 and 
R 3 (F 3 ) 2 terms are present in the effective action. Their contribution to the holographic 
RG flow turns out to be of the same order as of the i? 4 terms. Using this fact we show 
that it is possible to have agreement between the a'-corrected radial dependence of the 
supergravity fields and the RG flow dictated by the NSVZ beta functions in field theory. 
The agreement with field theory requires that the anomalous dimension of the operators 
Tr(AiBj) is corrected by a term of order (M/iV) 4 A -1 / 2 from its value — | found for M = 
(A is the appropriate 't Hooft coupling which is assumed to be strong). 
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1. Introduction 



Investigations of D-branes on conifolds have produced interesting examples of 
gauge/string duality with M = 1 supersymmetry. The first case to be considered in- 
volves a large number N of D3-branes placed at the singularity of the conifold, which is a 
Calabi-Yau cone described by the equation Yli=i = in C 4 . The near-horizon geometry 
produced by the D3-branes is AdS 5 x T 1 ' 1 where T 1,1 = (SU(2) x SU(2))/U(1) is the base 
of the cone. Type IIB string theory on this background is conjectured to be dual to the IR 
limit of the gauge theory on the stack of D3-branes, which is the M = 1 supersymmetric 
SU(N) x SU(N) gauge theory coupled to bifundamental chiral superfields A\, A 2 , Bi, B 2 

EE- 

This duality may be generalized by adding M fractional D3-branes (wrapped D5- 
branes) to the iV regular D3-branes at the apex of the conifold Hf|. The SU(N + M) x 
SU(N) gauge theory on such a stack is dual to a more complicated solution of type 
IIB supergravity |5|||. As was realized in 0, in order to consistently extend the original 
singular solution of || to the small radius (IR) region, it is necessary to deform the conifold: 

The presence of fractional branes destroys conformal invariance, and this M = 1 gauge 
theory exhibits an intricate pattern of RG flows. The inverse-squared gauge couplings 1/gf 
and l/<72 flow logarithmically in opposite directions until the coupling of the bigger gauge 
group diverges. To continue past this point it is necessary to apply Seiberg duality to the 
bigger gauge group ||. This transformation maps the original gauge theory to essentially 
the same theory with iV replaced by N — M. After this, the pattern of the flow repeats 
itself. Thus, the RG flow involves a series of duality transformations. At the bottom of 
this duality cascade one finds a gauge theory which exhibits chiral symmetry breaking and 
confinement ||. 

All these features of the RG flow are nicely encoded in the dual supergravity back- 
ground. In the UV (for large radius) one finds a logarithmic flow of 1/gf — l/fi^ MM- 
In fact, it was recently shown that the coefficient of the logarithm found in supergrav- 
ity agrees exactly with the prediction of field theoretic NSVZ 0,11 beta functions 0. 
The reduction in the rank of the gauge group due to repeated cascade steps is reflected 
in the radial dependence of the 5-form flux 0. In the IR the cascade is terminated by 
the deformation of the conifold which is responsible for the chiral symmetry breaking and 
confinement ||. 
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In this paper we examine modifications of the supergravity solutions found in PLEM 
by the leading stringy effects encoded in the 0(a' 3 ) corrections to the effective action. The 
paper has the following structure. In section 2 we examine the structure of the 0{a' 3 ) 
terms in the type IIB string effective action. We pay special attention to terms that 
depend on the 3- form field strength. In particular, we show that certain R 3 (H^) 2 terms 
(R is the curvature and H$ is the NS-NS 3- form), which were expected to be present in 
earlier literature, do not appear. The R 3 {H^) 2 terms that do appear in the action, (as 
well as other terms in NS-NS sector) turn out to contribute at the same order as the R 
terms when evaluated on the KT || solution. The necessary 5-point amplitude (Green- 
Schwarz light-cone gauge) calculation is delegated to Appendix A. We will not analyze 
other similar terms involving RR fields which are not explicitly known at present but will 
conjecture that since they are part of the same superinvariant, their contribution should 
be again the same as of i? 4 terms. 

In section 3 we show that the a' 3 correction does not modify the AdS§ xT 1,1 back- 
ground. This is in line with expectations from the AdS/CFT correspondence |TT],[T2|,|I3| : 
the dual SU(N) x SU(N) gauge theory is conformal for all values of N and for all values 
of the gauge couplings. Thus, the radius of AdS$ x T 1 ' 1 , which is related to g s N, must be 
a free parameter (a modulus of CFT) not only in the supergravity approximation but also 
in the full string theoretic treatment. 

In section 4 we recall the structure of the supergravity solution || describing logarith- 
mic RG flow in the dual SU(N + M) x SU(N) gauge theory, and review its comparison 
with the NSVZ /3-functions. In section 5 we study the a' 3 corrections to this solution (their 
detailed analysis is presented in Appendix B). In contrast to the AdS$ x T 1,1 case, here the 
corrections modify the form of the solution. In particular, the dilaton, which was constant 
in the supergravity solution, acquires radial dependence due to the stringy effects. This 
translates into the RG flow of the sum of inverse-square couplings 1/gf + l/gf- From the 
field theory point of view, this running is due to a correction to the anomalous dimension 
of the operator Tt(AiBj). For M = this anomalous dimension is equal to —1/2 [0 but 
turning on M is expected to correct it by an even power of M/N ||. We will see that, if 
M <C N and if the 't Hooft couplings are large, string theory predicts that this correction 
i S of order (f) 4 ( ] A f + ^ 1/2 



1 We are indebted to K. Peeters, P. Vanhove and A. Westerberg for drawing our attention to a 
wrong statement concerning these terms in the first version of this paper and informing us about 
their covariant NSR computation of R^{Hs) 2 terms in the type IIB string 1-loop effective action 
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2. Structure of 0(a' 3 ) terms in type IIB superstring effective action 

In this section we recall the structure of a' 3 corrections to type IIB effective action. 
The classical type IIB supergravity action in the normalizations we use has the following 
form 



1 ' 710, 



S= 2^ 1 d X ^ 



fl-i(^)>-ie^(^o) 2 -i(e-*fl|+e^)-^;j?+... 



(2- 

Here K = 8ir 7 / 2 g s a' 2 is the gravitational constant, <fi is the dilaton, Co is the R-R scalar, 
H 3 = H = dB 2 is the NS-NS 3-form, F 3 = F = dC 2 is the R-R 3-form, and F 5 is 
the R-R self-dual 5-form. The leading a' corrections to the tree-level IIB string effective 
action implied by the structure of the Green-Schwarz 4-point massless string scattering 
amplitude in the NS-NS sector (i.e. depending on the metric, dilaton and the 2-form B 2 ) 



can be written as |14|,|r5 
1 



2k 2 



r> /3 —^(j>(,abcdefgh,mnpqrstu . 1 abcdefghij mnpqrstu \ /~< /~i fi f~i 

L 8 - Cl ae \t s t 8 +-e 10 e 10 )C abmn C cdpq C efrs C ghtu , 

(2.2) 

where c\ = an d 

C ijkl = C ijkl + ie-a* {VH) ijkl - \ (V 2 0) . jkl , (2.3) 

(VH) ijkl = ViH jkl - V 3 H lkl , (2.4) 
(y 2 <f) ijkl = Qik^jVicf) - fi'j/cViVz^ - guVjV k (j) + gjiViV k 4> ■ ( 2 -5) 

Here C hmnk is the Weyl tensor, eio is the totally antisymmetric symbol (we use Minkowski 
notation for the metric, so that eioeio = —10!), and the tensor £ 8 is defined in |16|] (it 
involves only 5-symbols but not eg). 

A few important clarifications are in order. The 4-point on-shell string scattering 
amplitude determines only terms of 4-th order in expansion of ( |2.2|) near flat space (and 
modulo equation of motion terms not visible in on-shell amplitude). In particular, the 
£io e io structure whose expansion starts with terms of 5-th order in the fields is not fixed 
by it. Fortunately, complementary information is provided |17j by the known 4-loop sigma 
model beta function [[18|| that allows us to restore the covariant non-linear form of the R 4 

was 



correction to the action (see also ||19|| ). However, the sigma model calculation [18 
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carried out only for B2 = @ and shed no light on the if-dependent terms. In Appendix A 
we extract new information about such terms from the 5-point amplitude for antisymmetric 
tensors and gravitons. 

As follows from |T7[] , there exists a scheme in which the metric and dilaton dependent 
terms in the 0(a' 3 ) action written in the string frame are given byi 

S = \ [ d 10 xV^G e" 2 ^ \R + 4(d(f)) 2 + a' 3 Cl Jo\ , (2.6) 

2k 1 J 

j q 98 1 -ryhmnk p r? rs P p<? i T>hkmn t> t> rsp t-,<j \ 7 \ 

= {t%t% + -eio€io)RRRR + 0(R mn ) . 



It is the action that follows from (|2.6| ) upon transformation to the Einstein frame that is 
the correct metric-dilaton action beyond the 4-point order. The terms linear in the second 
derivative of the dilaton in ( |2.3| ) may then be understood as originating from conformal 
transformation to the Einstein frame G mn = e^/ 2 g ri 



Iran • 



Due to the field redefinition ambiguity p^jl^j , we can assume that all the terms in 
|) depend only on the Weyl tensor, and there is no explicit dependence on the Ricci 
tensor. Only such a choice of the a' 3 corrections is directly compatible with the AdS/CFT 
correspondence (see also [p5| , |26[| ).B 

Ignoring the derivatives of the dilaton and the 3-form, eq. (|2.2p may be written as 



C 8 = ^a ,3 C(3)e-i^W , W = C hmnk C prnnq C h rs ^C\ sk + \c hkrnn C pqmn C h rs ^C\ sk . 
o z 

(2.8) 

To obtain ( |2.8j ) one should use the well-known symmetries of the Weyl tensor. The tensor 
V-ff in (|2.4|) does not possess all of these symmetries, in particular, it is antisymmetric 
under the interchange of the first and second pairs of indices: (Viif)^ = — {S/H) kli -. For 
this reason, a priori we are not allowed to use ( |2.8| ) with C —>■ C if the NS-NS 2-form does 
not vanish. 

As follows from world-sheet parity considerations, the NS-NS part of tree-level type II 
string effective action must be even in B2; in particular, it should not contain terms linear 



2 The generalization of the 4-loop beta function computation of |i~8| to the B2 7^ case is very 
complicated and was not done so far in full (see some partial results). 

3 For some useful relations between R A invariants see [22,23]. 

4 Introducing Ricci-tensor dependent terms would imply that one would need a compensating 
field redefinition, i.e. a change of a scheme. 
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Ill H 3 = dB 2 . I Thus, to find leading corrections to the backgrounds with vanishing H3 
we may ignore all i^-dependent terms in the effective action. 

The tensor V 2 </> in (|2.5|) possesses all the symmetries of the Weyl tensor but it is not 



traceless. Thus, if the dilaton does not vanish but the NS-NS 2-form does, the expressions 
( |2.2|) and (|2.8| ) differ by the trace terms originating from the term eio • eioC 4 . These trace 
terms can be readily taken into account in all the cases we shall consider. 

The R-R scalar Co and the R-R 3-form F3 can be easily included into the action ( |2.2j ) 
by using the £X(2, Z)-invariance of type IIB string theory. The SX(2, Z) -invariant form of 
the complete 4-point (a/ 3 it! 4 + ...) effective action (including non-perturbative corrections) 
which depends on all of the type IIB massless bosonic fields except the 5-form was proposed 
in [p7| . In particular, to account for the contribution of F3 one can just add to the C in 
( [OP the term 

\e^g 8 {VF) m , (2.9) 

obtained from the VH term in ( [2.3| ) by the change </> — > —cf>, H — > g s F. We shall not 
explicitly include the terms depending on Co in the effective action: the action ( |2.1j ) is 
quadratic in Co,^ and Co is trivial for the backgrounds [|I]|| we are studying; therefore, 
Co-dependent terms cannot affect the equations of motion for other fields. 

The quartic effective action may also contain terms dependent on F5, e.g., C 2 (VFs) 2 , 
(V# 3 ) 2 (VF 5 ) 2 , (VF 3 ) 2 (VF) 2 , (VF5) 4 , etc., which are not known at present. In what 
follows we will assume that such terms do not change the form of the leading corrections 
to the backgrounds we are studying. 

The 8-derivative term in the effective action may contain also other non-linear struc- 
tures that contribute to the S-matrix only starting at the 5-point or higher level. In 
particular, it was conjectured in [|27| that there are the 5-point R 3 H 2 terms of the form 



where 



t 8 t 8 + le 10 e 10 ] RRR H\ , (2.10) 



■^3 ) — HikmHjljn HjkrnHilm (2.11) 

^ / ijkl 



effectively replaces one of the four factors of Rijki in the R term. As we will show in 
Appendix A, these particular terms are actually absent from the effective action. This 



5 The hhhB2 4-point amplitude corresponding to ( |2.2| ) indeed vanishes. 

6 The leading-order (supergravity) CqHs ■ F3 term vanishes on the backgrounds of HJJ]. 
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is an important consequence of the supersymmetry of the theory. There is, nevertheless, 
the term o 
if-tensors 



2 , 

the term of the form ( 2.10 ) with H 3 ( |2.11 ) replaced by a different contraction of the two 



( H i)ijkl = HijmHklm ■ ( 2 - 12 ) 

This term was found as a contribution to the 1-loop string effective action using the 
covariant NSR formalism in [^0|, and its presence is demonstrated through a light-cone 
gauge calculation in Appendix A. 

We shall analyze the background values of the a/ 3 correction terms in the NS-NS 
sector in Appendix B, and show that they behave in accord with the conjectured duality 
between the supergravity background of ||[| and the SU (N + M) x SU (N) gauge theory 



3. Absence of corrections to AdS$ x T 11 background 

In this section we study the AdS$ x T 1 ' 1 background of type IIB supergravity p8|,fL|, 
which has constant dilaton and the metric given by 

L 2 

ds\ = — {dz 2 + dx n dx n ) + Irds^x^ . (3-1) 

With proper normalization included (L 4 = ^-irg s Na' 2 ) the 5-form field strength is given 
by i 

F 5 = T h + , = 27™ ,2 iV voKT 1 ' 1 ) , 

while the 3-forms are not turned on. To investigate possible leading higher derivative 
corrections to this background it is sufficient to analyze the terms of the form C 4 , C 3 V 2 (p 
in the effective action ( |2.2| ). As was explained in the previous section, all other terms, 
containing, e.g., the 3- form field strengths H3 and F3, are at least quadratic in the fields, 
and they cannot affect the equations of motion in leading-order perturbation theory. 

By substituting the Weyl tensor for the metric ( |3.1| ) into the C 4 invariant W in ( |2.8| ) 
we have checked by a computer calculation that it vanishes. This means that the term 
e~^/ 2 W does not induce a dilaton tadpole. We further need to check that there is no 
dilaton tadpole induced by the terms of the form e~ 3 ^^ 2 C 3 V 2 (j). Luckily, such sources 
for the dilaton vanish as well. We will perform their calculation for the KT solution in 
Appendix B; the AdS§ x T 1 ' 1 result may then be extracted in the limit M — » 0. 

Let us note that the metric ( |3.1| ) can be brought by a Weyl transformation to the 

form 

(ds 10 )' = dx n dx n + dz 2 + z 2 ds^i,i , (3-2) 
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which describes the direct product of the flat space R 3,1 and the conifold. The latter is a 
Ricci flat space of SU(3) holonomy, i.e. its Weyl tensor has a vanishing eigenvalue. This 
fact is related to the vanishing of the invariant W ( |2.8| ) .@ Since W transforms under a Weyl 
transformation by an overall rescaling, its vanishing for the conifold implies its vanishing 
for AdS 5 x T 1,1 . 

There are good reasons to believe that the conifold corresponds to an exact 2-d CFT, 
i.e. in contrast to generic CY spaces |50| it survives all a' corrections without deformation 
of its metric. Evidence for this is provided by the linear sigma model formulation which 
defines the conifold as an exact tree level string background |31j] . Equipped with the explicit 
form of the leading higher-derivative correction to the effective action we can check a weaker 
statement: that the conifold survives a leading order perturbation in a'. We have already 
mentioned that W vanishes when evaluated on this background. It only remains to check 
that the same is true for 5W/5g mn , so that the Einstein equation continues to be satisfied 
in leading order perturbation theory. We have checked by a computer calculation that 
this is indeed true. A related statement is that the E% = e§e§RRR (6-d Euler density) 
correction Ui~8|j32]1 to the Kahler potential (and also to the dilaton) of the Af = 2 sigma 
model for the conifold vanishes as well. Interestingly, this is no longer the case for the 
resolved and deformed conifolds.! 

Similarly, we have checked that 5W/5g mn vanishes for the AdS$ x T 1,1 space. This 
establishes that the leading perturbation in a! does not change the form of this background. 
A similar check for the AdSs x S 5 background is trivial as there each factor of the Weyl 
tensor vanishes separately |25[].§ In the present AdS$ x T 1 ' 1 case, the Weyl tensor is 
non- vanishing so that the direct confirmation of 5W/5g mn = was necessary. 



7 This is related to the fact that the on-shell M = 1, D = 10 superinvariant [p9,25| 
/ d w xd w 6 $ 4 -> J d 10 xd 16 9 (0f mnk eeY q k 0Rmn Pq ) 4 depends only on the Weyl tensor (because 
of the identity j mnh 99^ mn i0 = 0) and is proportional to W. 

8 While W still vanishes for the resolved and deformed conifolds (as, in fact, for any similar 
space of special holonomy), its variation and the cubic E% invariant do not, implying that the 
metric and dilaton receive a /3 -corrections (note that while the R A term in the dilaton equation 
vanishes, there is an extra correction term D 2 R 3 that does not). One heuristic argument indicating 
why the singular conifold is not deformed by a'-corrections is based on the fact that the corre- 
sponding constrained sigma model L = j^p-[d a Zid a z* + (Azf + c.c)] +fermions (here i = 1, ...,4 
and A is Lagrange multiplier field) has no intrinsic scale, i.e. is homogeneous and quadratic in z%. 
Thus the dependence on a' can be absorbed into z% — » ya/Zi. 

9 A different argument for stability of AdS$ x S 5 based on its maximal supersymmetry was 
suggested in [33|. 
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This conclusion is quite important from the point of view of the AdS / CFT correspon- 
dence. The SU(N) x SU(N) gauge theory dual to the type IIB AdS$ x T 1,1 background 
is conformal for all N, and for all values of the gauge couplings. The relation between the 
gauge couplings and the moduli of string theory is |l]||,f||| 

An 2 4n 2 n , , 
— + — = -e~* , 3.3 
9i 92 9s 

4tt 2 4tt 2 \ If 

* 9s e^ = - — - / B 2 - 7T (mod 2tt) . (3.4) 



9x 92 J J °~ 2yra ' 
If W were non-vanishing, then it would induce a radial variation of the dilaton which 
would have to be interpreted as being due to a non-vanishing beta function in the field 
theory. This would be in conflict with the vanishing of NSVZ beta functions for both 
gauge couplings. Thus, the fact that the AdS$ x T 1,1 background survives the leading 
perturbation in a' 3 /L 6 ~ (g s N)~ 3 / 2 is a new check of the correspondence with the field 
theory where g s N is a modulus of the CFT. We see that the AdS/CFT duality requires 
that all a' corrections and all string loop (1/iV) corrections vanish for this background. 
Proving this is quite a challenge. Perhaps the vanishing of all a' corrections for this metric 
is related to the ability to Weyl rescale it to the direct product ( |3.2| ) of R 3,1 and the 
conifold and use the fact that the conifold is an exact solution of string theory, as well as 
to the supersymmetry (with eight supercharges) of this background 



4. Fractional 3-branes on the conifold and RG flow of couplings 

In this section we proceed to the more complicated case of the cascading theory |5|,[)| 
which, at the bottom of the cascade, has gauge group SU (N + M) x SU (N), < N < M. 
For N = the gravity dual of this theory is given by the solution of @ , while for iV > it 
is represented by an appropriate generalization which includes N additional D3-branes on 
the deformed conifold. In practice, we will only consider the asymptotic UV (large radius) 
form of these backgrounds derived in ; this asymptotic form encodes the logarithmic RG 
flow that may be compared with the NSVZ beta functions of the gauge theory. 

First we review the solution of ||, complete with the normalization factors supplied 
in ||. The 10-d metric is 

ds 2 10 = h- 1/2 (r)dx n dx n + h 1/2 (r)(dr 2 + r 2 dsl 1A ) , (4.1) 
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where 

h{r) = <2 ^ L [9sN + f(^M) 2 (log(r/r) + I)] . (4.2) 



The 5-form is given by 



where (cf. (fO| 



F 5 = dC 4 +B 2 AF 3 =^5 + , (4.3) 
^ 5 = 27W 2 iV efI (r)vol(T 1 < 1 ) , (4.4) 



N eS (r) =N+ —g 8 M 2 \og{r/r) . (4.5) 
Ztv 



The 3-form field strengths are determined by 

F 3 = — ^— ^3 , B 2 = u) 2 \og(r/r) , (4.6) 

3g s Ma' , 

-tt 3 = di?2 = — ar A u 2 , 

2r 

where c^2 and are the harmonic forms on T 1,1 given in @. This background § provides 
a nice illustration of the distinction between the gauge-invariant but not localized and not 
quantized charge defined by the generalized field strength, 

and the quantized charge 

[ dC * = (n ! 4 ,2 / ( F $ - B 2 A F 8 ) = N . (4.7) 

The latter is the analog of the Page charge (see, e.g., f34|). It is quantized because a 
probe D3-brane couples directly to C4; however, it is not invariant under the global gauge 
transformations of B 2 - it is defined modulo integer shifts, N ^ N + kM. This is a 
reflection of the duality cascade jumps || and, in fact, is a general phenomenon in a 
system with different types of fluxes. 
One can rewrite h(r) in the form 

L 4 / / \ t 2 9g a Ma' 

h(r) = — log(r/r s ), L 2 = -^-=- . (4.8) 

Performing the following change of coordinates 

T 

t = log(r/r s ) , x n = j^x n , (4.9) 



we can put the metric and B 2 into the form 

ds 2 10 = L 2 [— dx n dx n + Vt{dt 2 + ds|i,i)] , (4.10) 
yt 

B 2 = ^g s Ma' (t-t)u 2 , (4.11) 

where 

~ , , , s 2ttN 1 

* = l«g(r/r.) = 3^ + - 4 . (4.12) 
Note that the scalar curvature is 

2 

R 



L 2 f 3/2 ' 

and no matter how small L 2 /a' ~ g s M is, c/i? can be made very small at large t. Thus, 
corrections to supergravity can be organized in inverse powers of g s M and t. 

For N = we recover the asymptotic large distance (r) form of the KS solution ||; 
in this limit r — > St + \. Note that N e s(t) can be written in terms of L and g s as 

^ (t) = ^_( t _\\ = ^Ml( t _i\ . (4 . 13 ) 

V ; 27Tvg s a' 2 \ 4 J 2tv \ 4 J K ! 

Since F 3 and H$ can be also expressed in terms of L (or M) and g s , and J g2 B 2 is 
an angular variable that takes values in the interval [0, 27r], the solution has no explicit 
dependence on N. 

The gravitational background describes the RG cascade of the SU(N + (k + 1)M) x 
SU(N + kM) = SU(N eS + M) x SU(N eS ) gauge theories. The SU(N eS + M) x SU{N eS ) 
theory has the following symmetry 

M^-M, iVeff — > iV" e ff + M , gx^9i, 9i^9\ ■ (4.14) 
The combination 

— M , 

N = N eff + — (4.15) 

is invariant under this transformation, and, therefore, it is natural to organize the expansion 
in powers of l/(g s N) and M/N. Let us define the point t by the equation 

w 2 ' 3# S M 3# S M 2 V 2 7 4 v ; 

Then in the vicinity of the point t e ff = ? + k 3 g^ M such that 

iVeff (*eff) = N + kM+^- = N eS + ^- = N , (4.17) 
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the gravity background describes the SU(N e 3 + M) x SU(N e s) gauge theoryJl^l The 
background field strengths (curvatures) are small provided that g s N ^> 1. 

Following 0,^,0 we will now use the relations (|3T3|),(|3.4j) to extract the supergrav- 
ity prediction for the scale dependence of the gauge couplings. Thus, we assume that 
(jOl ) , flOf ) are valid not only for constant dilaton and _E?2, but also when they are radially 
varying. Substituting the B 2 from Q4.6|) into ( |3.4|) we find that || 

47T 2 4n 2 , _ , , 27T. 47T 2 47r 2 n 

— ~ s-=3M(t-t) mod— , _ + _ = _. 4.18 

9i 92 9s 9\ 9i 9s 

Thus, any point £ e ff , in particular, i, is also characterized by the requirement that the run- 
ning gauge couplings gi(t) and g2(t) obey <7i(£ e ff) = S^^eff)- In fact, due to the symmetry 
Q4.14Q even if we include all possible corrections to the dilaton and B 2 , there always exists 
such a point £ e ff that <7i(t e ff) = 92 (t e e)- It is not difficult to check by using (|4.18| ) that at 
the point £i = £ e ff — %g M the gauge coupling gi of the bigger gauge group diverges, and 
that at the point £2 = £ e ff + %g m ^ ne S au S e coupling g 2 of the smaller gauge group does. 
These are the points where the RG cascade jumps occur. 

Let us emphasize that the supergravity description is valid for large g 8 N e ^ even if g s M 
is very small. The separation between the cascade steps is At = ^ M ■ Thus, there is a 
range of parameters where the cascade jumps are far from each other, and the supergravity 
calculation of the /3-function (|4.18|) may be compared with the NSVZ /3-functions for the 
SU(N eS + M) x SU{N eS ) theory:0 

d /4tt 2 4tt 2 \ _ , 

+ — = 2NA , (4.19) 



c£log(A/^) V 9i 92 



10 With our definitions, -/V e fr is automatically an integer. On the other hand, N e f{(r) in ( fl,5| ) 
continuously varies with r. One may wonder how this continuous variation is consistent with the 
statement that the number of colors makes discrete jumps only at certain radii. We believe that 
N e g(r) can actually be interpreted as a measure of the number of degrees of freedom for all r. 
This is supported, for example, by the smooth temperature dependence of the Bekenstein-Hawking 
entropy for black holes embedded in the asymptotically KT geometry [35]. The logarithmic scale 
dependence of the effective number of colors in between the cascade jumps is presumably due to 
the interaction effects in the SU(N e s + M) x SU(N e s) gauge theory. It would be interesting to 
study it directly in the gauge theory. 

11 Here by the NSVZ j3- functions we actually mean the SV || j3- functions for the holomorphic 
gauge couplings which differ from the NSVZ ones by the absense of the denominator factor (this 
point was implicit in [f|] and was already mentioned ||). Indeed, in comparing to the dual 
string/supergravity description one should be using Wilsonian effective action on the gauge theory 
side. With the "holomorphic" definition of gauge coupling as a factor in front of the M = 1 
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d /4tt 2 4n< 



3M — MA , (4.20) 



dlog(A///) V 0? 0| 
where A is the correction to the anomalous dimension 7 of the operators TtAiBj: 

1 A 

7 = h A . 

1 2 

One expects A to scale as some even positive power of M/N ||. Therefore, far in the UV 
where N becomes large due to the cascading phenomenon, A naturally approaches zero. 
Hence, the dominant running of the couplings in the UV is given by 

4tc 2 Atx 2 4n 2 Atx 2 

—5 5- -> 3Mlog(A//x) , —=- + —5- -> const . (4.21) 

01 02 01 02 

If we identify t — t e ff with log(A//x) then the supergravity result ( |4 . 1 8|) is in perfect agree- 
ment with the field theory expectations. 

The main purpose of this paper is to find out where the effects of A are encoded on the 
string theory side. We claim that these effects are provided precisely by the string higher 
derivative corrections to the supergravity action. In what follows we show that already 
the leading such correction makes the dilaton radius-dependent, in agreement with ( |4.19| ) 
which implies that + runs due to the presence of A. 



5. String correction to the KT solution and RG Flow 

To determine the leading a' 3 correction to the dilaton we have to take into account 
possible mixing between linearized fluctuations of all of the relevant supergravity modes. 
In particular, we should expect that not only the dilaton but also the 2-form B2 gets 
correction at this order. 

To find the mixing we use the following ansatz for the deformed metric, B2 and dilaton: 

ds 2 = I 2 (^=/ z dxl + Vie- 2z [e^dt 2 + e^-^ej + e 2 ^ 2 - (e 2 , + e 2 2 + e\ + e 2 J] ) , 

(5.1) 

supersymmetric kinetic term the corresponding /3-function is effectively "one-loop" [Q, i.e. does 
not have the denominator factor. This definition of the coupling is indeed consistent with the 
one based on D-brane probe action and interpreted as a quantum gauge theory effective action 
defined at some fixed scale. Let us mention also that the original expression @,@ for the NSVZ 
or SV /3-functions does apply to the case of the non-semisimple gauge group like the one in the 
present example. We are grateful to M. Shifman for a clarifying discussion of these points. 



12 



B 2 = ^g 8 Ma'[t + b(t)]u 2 , <f> = <t>(t). (5.2) 



Here the basis is the same as in |35[]. The functions z, y, w, 5, <fi depending only on the 
radial coordinate t represent the relevant fluctuations around the KT solution. This ansatz 
preserves the symmetry between the two spheres. 

A few explanatory comments are in order. It may seem that the choice of the metric 
in ( |5.1|) is too special. In general, one may always make a choice of radial coordinate u so 
that a metric with required symmetries will be 

ds 2 10 = e"d5* + e- 2 V°^ 2 + e 2 ^4 + (<& + 4 + 4i + 4)] ■ ( 5 - 3 ) 



Here the three functions will then have expansion in powers of a'. The metric (|5.1|) 
is obtained from ( p.3| ) by extracting the leading-order solution for these functions and 
redefining u — > t. This implies that z, y, w in ( |5.1|) should start with a' 3 correction terms. 

We are assuming that F 3 is not modified and F 5 is expressed through B 2 and F 3 by 
the standard formula Q4.3|). Indeed, it is easy to see that since F 3 has purely magnetic 
form, the mixed "Weyl tensor - R-R 3-form" term C 2 (VF 3 ) 2 in the action Q , Q , (|2T9|) 
does not modify the equation for C 2 (the metric is diagonal and has non-trivial dependence 
on t only). The same should be true for the terms depending on F5. 

To find the linearized equations of motion for the fluctuations we need to find the 
quadratic action for the fluctuations which follows from the type IIB supergravity action 
plus terms linear in fluctuations which follow from the a' 3 string correction, i.e. from S& 
( U . 2| ) . The computation of the leading quadratic term in the supergravity Lagrangian ( |2 . 1| ) 
is straightforward (prime denotes derivative with respect to t) 

T 8„4t a o 

C 2 = — [<p' 2 + -b' 2 + 40 w' 2 + 16 z 2 - 40 y 2 - -b' (0 + Aw + Ay - Az) 

16 l2 4, 2 32 ^ 64 2 4an 2 32 ^ 128 m A \ 

+ -^b 2 + -<b 2 H 6w-\ w 2 +A80w 2 -\ 6 y H w y (5.4) 

t 2 V t r t t^ y t 

64 2 in£ >n 2 64 L 256 L 32 2 192 2 rio 21 

H y 2 - 1280 « 2 -b z H 6 2 + -^-z 2 z 2 + 512 z 2 \ . 

t y y t 2 t t 2 t J 

Adding the a' 3 correction term Ss = 2^2 $8 i n ( |2.2|) and taking the variational derivative 
of the action with respect to the fields, we derive the following equations of motion for 
small perturbations: 

( h» + 2b' - -b' - -b - \<t>' + -0 - 20 - 2w' 
t \2 t t 2^ 2V Y / 55 n 

2 , 2 2 \ SS 8 

- 8w + -w - 2y' - 8y + -y + 2z' - 8z + -z ) + — - = , 
t t t J ob 
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L»e* + 40' - ^ + \b> - ^y - ^w) + ^ = , (5.6) 

8L 8 e 4 * ( - 5y" - 20y' + 160?/ - -y + -b' - -0 - -w) + ^ = , (5.7) 

V £ t t t / by 

16L 8 e 4t ( z" + 4z' - 32z + —z - %z - -b' - -b + %b) + ^ = , (5.8) 

V t t z t t t 2 J oz 

8L 8 e 4i ( 5w" + 20w' - Ww - -w + -b' - -0 - -y) + ^ = . (5.9) 
V t t V t y J 5w 

Computing the a' 3 terms to linear order in the fluctuations, we find that all of the varia- 
tional derivatives have the following leading behavior at large £: 



— - =»L e -j- , — - = 8L e -y 

00 £2 00 £2 



^ 8 - 8L 8 e 4 ^ , *p- =8L 8 e 4 ^ , *p- = 8L 8 e 4 ^ , 



(5.10) 



Sy ' ' £2 o~z £2 8w £2 



where -D Vi are some coefficients proportional to o/ 3 /L 6 whose exact values are unknown 
due to the lack of information about the terms involving the 5- form F$. We present a 
detailed analysis of these a/ 3 corrections in Appendix B. 

Comparing this behavior with the equations of motion (|5.5| )-( |5T9| ), we find that the 
leading asymptotics are 

b r , F , z 5-, , w 5-. (5.11) 

£2 £2 £2 £2 £2 

Let us pause and note that these asymptotics are the minimal ones compatible with the 
AdS/CFT correspondence between string theory on the AdS$ x T 1 ' 1 background and the 
SU(N) x SU(N) gauge theory. Indeed, the AdS*> x T ' background (|3.1| ) can be obtained 
from the KT one (|4.10|) - (|4.6|) in the limit M — > or, equivalently, L — > 0. More precisely, 
one should first redefine the variable £ as 

and keep £ fixed in the limit. Taking into account that the fluctuations are proportional 
to o/ 3 /L 6 , we find that all of them except the function b vanish in the limit L — > 0. While 
b itself goes to a constant, the 2-form B2 vanishes in this limit because of the extra factor 
of M in (|5.2| ). Thus the AdS§ x T ' background is not modified, in agreement with the 
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discussion in Section 3. Note that if some of the fluctuations (other than b) would scale as 
t -3 / 2 , the AdSs x T 1 ' 1 background would acquire a' 3 corrections. 

Substituting the asymptotics ( |5.11| ) into the equations of motion (|5.5| )-(|5T9|), we obtain 



-56 - 2</> - 8(z + y + w ) 
3 7 



-166 - 64^o 
A, 



yo 



160 



Solving eqs. ( |5.13|) -( |5.15| ), we find 



-D b , (5.13) 

(5.14) 

= -D z , (5.15) 
= ^ • (5.16) 

(5.17) 
(5.18) 

z _ ~ - j -r_ -L — - — ~ y f5 \Q) 

960 60 15 90 240 ' 1 ' ' 

Let us now use the results for <p and b to compute the correction A to the anomalous 
dimension 7 = — | + A which enters the beta functions (|4.19|) , (|4.20|) . Substituting (|5~^ ) 
into (|3.4|), we get 



4D„ 



5 40 



7D b 
15 

29D 2 



8D 



2D, 



15 45 
7D b 2D q 



7D Z D y 
120 60 

Din Dfi 



An 1 4tt z 
+ 



9l 



9l 



TV 



9s 



-4>(t) 



(5.20) 



4tt 2 47T 2 



9\ 



9l 



% -4>{t) f^ M [ t -i+ b(t)} (mod y) ^ . (5.21) 



To compute the beta functions we differentiate ( |5.20j ) and ( |5.21| ) over t. Comparing to 
fl£l9|) we get 



2tt 



2 A' 



t=t„ 



2# s iV 

This formula may also be written as 

2ttV 



A 



t=t„ 



A = Aug s N . 



(5.22) 



A = 



A 



A 



eft- 



eft' 



AeVt eff • 



(5.23) 



Another expression for A is found from (|4.20 ): 



A = 3e"* (e^-l-b' + b^')\ t =t etl 
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(5.24) 



To analyze these expressions note that 

a' _ 2V2 8tvV2 /N\ J_ 3g s M 2 _ 3A ( M\ 2 

L 2 9<? S M 9A ' *eff ~ 2tt]V 8tt 2 V^/ ' 

Since according to Q5.11J ), ~ (pot -5 / 2 , b ~ 6o^~ 3 ^ 2 , where <j>o and 60 are proportional to 
a' 3 /L 6 , we obtain 

a' 3 1 /M\ 2 (/ a' 3 x 1 /M\ 4 , . 

„y _^ , 0' r~A' = . (5.26) 



Thus, by using (|5.22| ), we conclude that at large t e s and at order a' 3 



1 /M\ 



4 



A ~Ii{w) ■ <5 ' 27) 

On the other hand, naively, eq. fl5.24j) seems to give a different expression A ~ 
A way to avoid contradiction is to assume that at order a' 3 the fluctuations b 



b'(t) = (j)(t) . (5.28) 



- 2 

1 I M 



and (j> satisfy the constraint 



Then eq. ( |5.24|) would imply the absence of corrections to this order. However, there are 
also higher order a' 5 corrections to the dilaton and B 2 , and it is easy to see that assuming 
that the a' 5 corrections scale at large t in such a way that 



a' 5 



b' - <t> ~ — , (5.29) 
£2 



one obtains from (|5.24|) a correction A with the same dependence on A and M/N as in 
Q. 

Working to leading order in M/N we may replace A in (|5.27|) by A e ff- This latter 
expression is convenient because ( |5.2U| ) directly relates A e ff to the gauge couplings. Thus, 
we arrive at 

/M\ 4 /47r 2 4tt 2 \ 1/2 , . 

A = a x [ = ) + , 5.30 

\n) \Ng\ Ng 2 ) 

where a\ is proportional to c\ in ( |2.2| ) or C(3). With this expression for A, the /^-function 
equation ( 4.1 9|) assumes the form 



d [At, 2 4tt 2 \ 1/2 /M\ 4 , . 

h^ + ^H • (5-31) 



dlog(A///) \Ng\ Ng 2 ) \N 
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Its solution is 

,2 \ 1/2 



/4tt 2 4tt 2 Y' a _i /2 /MY /A , , , N 

+ =2.A eff / +ai (=) lo g (A/„). (5.32) 

Substituting this back into ( |5.30|) we find 

A = 2*a x f?pj A e " ff 1/2 + 0[{M/Nf log(A/^)] . (5.33) 
Finally, substituting this into Q4.20I) and integrating we get 

^-^ = 3Mlog(A/^) (^l-ln ai (^y \J /2 + 0[(M/W^g(A/^)]j . (5.34) 



It is remarkable that the solutions of the NSVZ equations including the effects of non-zero 
A have an expansion in powers of log(A//i). From the point of view of dual string theory 
this property of RG flow is guaranteed by the relations (|5.20|) ,( ^2T|) , and by the fact that 



t — t e ff has to be identified with log(A//i). Moreover, the choice of the expansion point does 
not change the logarithmic character of the expansion. A closely related observation is that 
changing the variable according to ( |5.12| ), and expanding in small M, or, equivalently, in 
small i (i.e. expanding near AdSs x T 1,1 background dual to the conformal fixed point of 
n]) we find that the a' corrections and the solutions of the resulting effective equations 
of motion can be represented in terms of power series in the logarithmic scaling variable 
t. It would be very interesting to demonstrate the existence of higher powers of log(A//x) 
without invoking the gauge field/string duality. 



6. Concluding Remarks 

In this paper we studied the leading stringy corrections to two different solutions of 
type IIB supergravity, interpreting our results in terms of dual gauge theories. We were 
able to use the gauge/gravity duality in both directions, sometimes using constraints from 
field theory as a way of predicting properties of the string effective action. 

For the AdS$ xT 1,1 background we demonstrated that the (3(a/ 3 ) correction does not 
modify the form of the solution, in line with expectations from AdS/CFT duality. In fact, 
turning the duality around, we predicted a much stronger result: that the AdS$ x T 1 ' 1 
background is exact to all orders in a' and g s . We suspect that this property is tied to the 
exactness of the conifold background. 
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Our paper also contains a much more ambitious calculation of leading string-theoretic 
corrections to the solution of || , which describes logarithmic RG flow and duality cascade 
in M = 1 supersymmetric SU{N + M) x SU(N) gauge theory. This calculation is made 
especially difficult by the fact that the complete structure of the 0(a' 3 ) correction in the 
(tree-level) type IIB superstring effective action is not yet known. Nevertheless, we are able 
to demonstrate an interesting interplay between the NSVZ /3-functions in field theory and 
the structure of stringy corrections. In fact, we may again turn the gauge/gravity duality 
around and use field theory to predict certain facts about the string theory effective action. 
The most basic fact is the absence from the effective action of terms which scale as 1 /t 3 at 
large t. If such a term were present, then agreement with the gauge/gravity duality would 
fail for this theory. We were able to check this prediction of gauge theory for string theory 
for all terms in the effective action from the NS-NS sector. 

There were also more subtle predictions that we were unable to check completely, such 
as the relation ( 5.28 ) at order a' 3 . The latter implies a relation between the coefficients 
D lfli in ( |5.10|) : = j^D w — ^D y + \D Z . We concluded also that corrections to <fi ~ b' at 
the order a' 5 should be completely determined by corrections to 4> at order a' 3 . We expect 
these relations to be consequences of the special structure of the string a' 3 correction to 
the effective action dictated by supersymmetry. El 

Assuming that these properties hold, we are able to make a prediction for the cor- 
rection A to the anomalous dimension of Tr(AiBj) in the gauge theory. The result is 
consistent with the expectation || that in field theory A must have an expansion in pow- 
ers of (M/N) 2 : our supergravity analysis suggests that the leading term has the form 
( |5.30|) . The normalization factor a± in this formula is proportional to C(3)- It would be 
very interesting, but probably hard, to understand this string-theory prediction directly 
on the gauge theory side. 

Some methods developed in this paper may have applications in other related contexts. 
One may perform a similar study of leading a' corrections to the solutions considered in 
f36[j . Our result (in Appendix A) about the absence of certain R 3 (H^) 2 terms in the 
(R + ...) superinvariant in type IIB 10-dimensional effective action may imply certain 
constraints on possible R 3 (F4) 2 terms in the 11-dimensional effective action, and this may 



12 The fact that there is only one anomalous dimension that enters the two NSVZ beta functions 
(r.h.s. of ( 4. 19| ) and ( f4.20[ )) implies that there is a specific combination of the two gauge couplings 
(or of the dilaton and 2- form B2) whose dependence on the scale (or r) is known exactly to all 
orders in the M/N expansion. 
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be important in the context of the discussions in [57, 38]. Thus, a complete determination 
of the 8-derivative corrections to the type II supergravity action should have many useful 
applications. 
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Appendix A. R 3 H 2 terms in type II tree level effective action 

The tree-level effective action of type IIB and type IIA theories is the same in the NS- 
NS (metric, B2 and dilaton) sector. This action should be parity-even, and, apart from the 
central charge term, should have the universal dimension-independent structure.^ Using 
sigma-model considerations, it is easy to see that the effective action should be even in 
Hmnk, i.e. it may contain terms of the form R 3 H 2 , R 2 H 4 , etc. Our aim is to study the 
possible presence of the R 3 H 2 terms in the effective action. They may a priori accompany 
the -R 4 terms on dimensional and (non-linear) D = 10 supersymmetry grounds. 

In this Appendix we show that certain irreducible 5-point terms of the form R n H 5 ~ n 
are absent from the type II superstring effective action.0 We shall directly compute the 

13 The corresponding NSR sigma model can be formulated in any dimension D and thus its 
beta-functions must have dimension-independent universal coefficients (in a standard dimensional 
regularization with minimal subtraction scheme). This is no longer so once we include the depen- 
dence on the R-R fields which are sensitive to D = 10. 

14 Here we call a term reducible if it can be represented as a sum of terms of the form R m {^JH) n 
by using [V, V]i? ~ RH. We shall consider R n H 5 ~ n for general n = 1, 5 with understanding 
that, in view of the above remarks, the only potentially non-trivial cases are n = 1,3 (the R 5 - 
terms, i.e. n = 0, are absent as suggested by the result of |39[ ] and also by the M = 2, D = 10 
supersymmetry) . 
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corresponding 5-point terms in the effective action using the Green-Schwarz fight-cone 
formulation of the superstring S-matrix HD . 



Since we shail use the fight-cone gauge approach in its standard most straight- 
forward form, i.e. assuming that the components of the polarization tensors vanish 
in the two light-cone directions, we shall not be able to determine a special class 
of terms that invoive antisymmetrization of nine (or more) space-time indices, e.g., 

£krn 1 ... m9 e kni --- n9 RZ 1 ^ 2R niZ 4R nsZ 6H ^ However, it is possibie to check 

that precisely because such terms involve antisymmetrization of nine indices, they do not 
change our conciusion about the 1/t 4 scaling of the feading a' 3 corrections to our back- 
ground. 



In the notation of [^TJ the light-cone gauge vertex operators for the graviton h^j and 



the NS-NS 2-form bij can be written as ... = 1, 8) 

V(h) = [h ik XiX k R - -Y^XIS^S - -T kl , 3 X k R S^S - ^R l3kl S 1 ^S~S 1 kl S^ e^ x , 

(A.l) 

V(b) = (byXixi + l -H lkl XlS 7 kl S + *-H klJ X k R S^S + ^ Pl H ljk S^ SS 7 kl s\ e ipX . 

(A.2) 

Here Tij^ k {jp) = ^(pihj k (p) + Pjhi k (p) — Pkhij(p)) is a linearized Christoffef symbol, 
Rijki{p) = -\{PiPihj k {p) - PjPih ik (p) +Pjp k hu(p) -pip k hji(p)) is a linearized Riemann 
tensor, and Hij k (p) = i(pibj k (p) —pjbi k (p)+p k bij(p)) is the NS-NS 3-form. We afso denote 
X % L = d-X l L , X R = d+X R , and d± are derivatives over the worid-sheet directions. 

Our aim is to study the structure of some tree-fevef 5-point massless scattering ampli- 
tudes involving the graviton and 2-form field. Following the logic similar to the one in MM , 
we may use a short-cut argument. Due to the supersymmetry and the expected SL(2, Z) 
invariance of the "massless" type IIB superstring effective action, for a' 3 (R 4: + ...) terms in 
the tree-level effective action there shouid exist terms of the same structure in the one-ioop 



effective action [f|2 1 . To get a nonzero one-loop amplitude one should saturate the integral 



over the fermionic zero modes - 8 modes So, and 8 modes Sq. Thus, the 5-point amplitude 



15 We are grateful to K. Peeters, P. Vanhove and A. Westerberg for pointing out to us the 
possible presence of such term in the (one-loop) type II effective action, as well as of the term 
t 8 t 8 R 3 H 2 which we missed in the first version of this paper [flOf| . 
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has to be given by a sum of the following terms 

A, ~ V iljlklh V i2j2k2h V i3hk3l ^ J dpTr fe^ x *w L °w L < 

+ ^,W 1 ^w/™y 3 K 4j4 M/, 5 %(i); i,1 '-- l4,4 (i)8 lll ' J414 J dpTr (x^X^e^w^w 

+ V ilhklh V i2hk2h V i3j3k ^^ f dpTr (jQxge^x-w^w 

(A.3) 

Here V ijk i is either R ijM or piH ijk , V iki is either T ik> i or H ikh and V ik is either h ik or b ik . 



The tensor (i)2m is defined as [51 



(/)^ : = 4" m tr (5o7 llJl ^o • • • S ^ Jm S ) , (A.4) 



where the trace is over the spinor zero modes of S. One can show ||]]] that (t) 8 = t 8 — ^es, 
where t 8 is given by the sum of products of the 5-symbols. 

Since the light-cone set-up is essentially 8-dimensional, it does not actually allow one 
to determine the presence of, e.g., the esegRRRR term in the action directly, since this 
term is a total derivative in 8 dimensions to all orders in the graviton expansion. In general, 
fixing the 8-derivative 5-point terms depending on eg, i.e. esegR^H 2 or estsR^H 2 , is subtle 
in the light-cone formulation (in particular, because of possible contact terms needed for 
space-time supersymmetry [0). For this reason, we will only determine the terms with 
the tgtg tensor structure. 

It is understood that the trace of the operators e tPaXa w L °w L ° and X t L X'p l e iPaXa w Lo w Lo 
is taken over the nonzero modes of Xl, Xr, S, S. The integration over the positions of the 
5 vertex operators and the modulus parameter w is implied. The integral over the zero 
mode momentum p can be regarded as the trace over the zero modes. It is because of this 
integral that the closed string amplitude can not be treated simply as a product of the two 
open string ones. 

It is clear that the first term in ( |A.3 ) leads to terms of the form R n (V H) 5 ~ n in the 



effective action. 

To analyze the contribution of the second and third terms to the 5-point amplitude 
we note that due to the SO (8) invariance 

J d 8 pTr (x l L X& ip « Xa w Lo w Lo ^ = p\p\A ah + 5 lk D , (A.5) 
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where A ab , D are some functions of momenta p a , positions of the vertex operators and the 
modulus parameter w. Note that the 5 lk term appears only because of the integration over 
the zero mode momentum p, and because both X l L and depend on p. 

Now one can easily see that the second term in ( |A.3| ) cannot lead to a term R n H 5 ~ n 
since the indices 25, k$ are contracted with Vi 5 k 5 ■ Moreover, if Vi 5 k 5 = bi 5 k 5 then the second 
term must be absent since it is not invariant under the gauge transformation B2 — > B-2 + dC 
of the NS-NS 2-form while all other terms in (|A.3| ) are. If Vi 5 k 5 = hi 5 k 5 then we get 
vanishing result since, as usual, one assumes that h™ = in the on-shell vertex operator. 

To analyze the third term in ( |A.3| ) we need to consider three cases. In all the cases 
the three vertices Vijki can be either Rijki or piH^. 

(i) V is k 4 i 4 = ri 5 fc 4 ,z 4 , Vk 5 i 4 j 4 = r fc5 i 4ij4 . The tensor p^p\ h in ( |A~5l) leads to the terms 
of the form R n CVH) 3 ~ n dTdT^ and because of the reparametrization invariance they can 
contribute either to the covariantization of the term R n+1 (V H) 3 ~ n coming from the 4- 
point amplitude or to a term of the form R n+2 (V H) 3 ~ n . The S l£,k5 term in ( |A.5| ) gives 
R n (VH) 3 ~ n rr and contributes to the covariantization of the term R n+1 (V H) 3 ~ n . 

(H) V i5k4U = H i5k4U , V k5i4j4 = T k&i4>j4 . This term is of the form R n (VH) 4 - n dT or 
R n (VH) 3 ~ n HF, and the reparametrization invariance again requires that it contributes 
either to the term i? n (V-ff) 4_n or to a term of the form R n+1 (V H) 4 ~ n . 

(Hi) V i5k4h = H i5k4h , V k5i4j4 = H k5i4j4 . Such term in the 5-point amplitude is gauge 
and reparametrization invariant. The tensor p^p^ 5 in ( |A.5|) leads to the terms of the form 
R n (VH) 5 ~ n . However, we also find the contribution from the S l5ks term in ( |A.5[ ), which 
is of the form R n (V H) 3 ~ n H 2 , where the contraction [H 2 ) i . kl = Hij m Hki m is the same as 
in ( g7g) . 



We conclude that, contrary to the earlier expectation ||27|1 , there is no term of the 
form ( |2.1U| ),( |2.11| ) in the effective action but there is still a tgtsR 3 H 2 term with H 2 given 
by ( |2.12|) . The presence of such a term is demonstrated using the NSR formalism in the 
forthcoming paper ||10|| , to which we refer for the details of the covariant form of the R 3 H 2 
part of the 1-loop type IIB(A) string effective action. 

Using similar considerations it may be possible to rule out most of the higher- 
dimensional terms of the form R n H k where all H3 factors are not covered by derivatives .0 



16 We use a shorthand notation dT to denote d k Tki,j, where the derivative dk may act on any 
of the fields in R n (VH) 3 - n dTdT. 

17 Naively, one could expect [27| the presence of HH term ( |2.11 ) supplementing the curvature 
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Appendix B. Structure of a corrections to KT solution 

To analyze a/ 3 corrections it is convenient to use orthonormal zehnbeins E m (or corre- 
sponding 1-forms) in terms of which our perturbed background (|5.1| ), (|5.2[) may be written 
as (n = 1, 2, 3, 4, a = 6, 7, 8, 9; we reserve index for the radial direction t) 

i2 t 2 f 2z 7-i2 | -2z / 10y 7^2 , 2y-&w j?2 , 2y+2w j^2\ 1 Ca -\\ 

ds 10 = L [e E n + e (e y E +e g E 5 + e y ^ E a ) \ , (B.l) 

On Ma' 3 

H 3 = ys 2L3 (1 + b')t-*E A (E 6 AE 8 -E 7 A Eg) , (B.2) 
QMa' 3 

F 3 = -T^t'*^ A i E e AE 8 -E 7 A Eg) . (B.3) 



Our aim is to compute the correction ( |2.2|) in this case. We assume that all indices in 
( p.2|) are tangent. A direct computation shows that the tensors appearing in ( |2.3|) have 
the following t-dependence: 

Cm ~ C^h-^ + cT s £h-^ + C^'r^ , (B.4) 

where the coefficients do not vanish only if i, j, k,l = 6, 7, 8, 9; 

(VH) ijkl ~ ^i-i + ^t" 2 , (B.5) 

where the coefficients do not vanish only if two of the indices k, I take values from 
6 to 9, and the other two indices take values from f to 6; 

(V 2 *) wtl ~P^ 2, <- I/2 +P, < ^ , <- 3/2 . (B.6) 

where the coefficients p^jffi do not vanish only if at least two of the indices i, j, k, I take 
values from f to 6. 

This ^dependence shows that if there were no cancellations, the C and C 3 V 2 </> terms 
would scale at large t as f/t 2 , and the terms C 2 (Vif) 2 , C{VH) 2 V 2 (f) and C 3 H 2 would 
scale as f/£ 3 . 



in each factor in fl2.3|) . This is motivated by the condition that the corrections to equations of 
motion should vanish for a group space (WZW model). However, it is easy to see that sigma 
model perturbation theory does not imply that all corrections to beta-functions and thus also the 
effective action should depend on H3 only through the curvature of the generalized connection 
f = r±f# 3 (see e.g. 
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We will see, however, that due to a special structure of these a' 3 terms (related to 
the supersymmetry of the underlying IIB theory) when evaluated on the KT solution they 
scale as 1/t 4 . The first variations of these terms with respect to the fluctuations y,z,w 
scale as 1/t 3 . Taking into account that 

^9 = L 10 e 4t Vte 10 y- 2z , (B.7) 

we find that the variational derivatives of Ss are indeed given by ( |5.10|) . 
The computation of the invariant W (|2.8[) is straightforward and gives 



1 ,40 _ 36 452 _ 35 85 75 225 , 
T^^¥~¥ + 27tZ~6t7 + 16t*~ 32t9 + 512*1° ' ' ( ' 

Thus at large t we get W ~ A. This implies that in the limit L — > 0, t ~ 1/L 4 leading to 
the AdSs x T ' case the invariant vanishes. 

It is also not difficult to compute the terms in W which are linear in fluctuations 

y,z,w 

1 /640y 288y' 32y" 320z' 6Az" 960w 192w' A8w"\ ,„ . 

^ = L^( v ^ + ^ + ^ p p ^ T 3 ^) ' (R9) 

where we kept only terms that are leading at large t. These terms give contributions to 
the equations of motion for y,z,w which are of order t -5 / 2 . Again, in the limit L — » 0, 
t ~ 1/L 4 these terms vanish. 

Computing C 3 V 2 (/) by using the simplified formula ( |2.8| ), we find that all the terms 
with the 1/t 2 scaling cancel. There are still two terms that scale as 1/t 3 

C 3 V 2 (j) ~ \ ((f)" + Acf) 1 ) . (B.10) 
t 6 

It is easy to see, however, that being integrated over t with the measure \J—g = L 10 e 4t \/^, 
these two terms cancel each other, and the leading contribution to the dilaton equation of 
motion is of order t -7 / 2 , as it was the case for the C 4 term. Ill Thus the C 3 V 2 <^ term only 
changes the coefficient in the r.h.s. of the dilaton equation. 



18 One can easily see that the trace terms originating from eio • eioC 3 V 2 (f> are either proportional 
to the linearized dilaton equation of motion, and have the same form as ( B.10| ), or are a total 
derivative, and do not contribute to the equation. 
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To show that the terms C 2 (VH) 2 , C(VH) 2 V 2 <f) and C 3 H 2 do not contain terms of 
order 1/t 3 we need to recall that the invariants formed from the tg and eio tensors can be 
written as follows 



X = t 8 t 8 C 4 = 192/ 4 i + 384/ 4 2 + 24/43 + 12/44 - 96/ 45 - 96/ 45 - 48/ 46 - 48/ 46 , (B.ll) 

\z = -I ei0 e 10 C 4 = 192/^ 1 +384/^ 2 +24/^3 + 12/^ 4 -192/^+96/^ 6 -768A 7 +^ / . (B.12) 
8 8 8 

Here Z' are trace terms, and the fundamental invariants are defined as 

/41 = tr [C mn C nr C r8 C srr ^j , 
tr (C 

I43 = tr (C mn C rs ) tr [C f mn C rs j , 
I 4.4. = tr (C mn C mn ) tr (C rs C rs ^ , 
^45 = 

tr (C mnC ' nr) tr rs C sm j , 

/46 = tr (C mn C rs ) tr (C mrC ns) 5 

j7 7^ [mnTi POT^ rs~7^ tu] 

" ^ mn ^ PQ ^rs ^ tu 5 

4 rs~7^ pt~F^ qwl^i uv 

J±J '-'pi} ^ ru ^ tv ^ sw 

The matrices C mn are naturally defined by (C mn ) a b = C mn ab ; the invariants / a & are 
defined by the same formulas with the replacement C mn — > C^ n , where (C^ n ) a & = Cab™ 71 ; 



(B.13) 



the invariants J^ b are defined by replacing in the formulas ( |B.13|) the second and the fourth 



. , -wr „„ — — T 



tensors C with C . When C = C the above relations reduce to the ones given in |22|,f23 

First, we discuss the term C 2 (Vi/) 2 . Since we want to show that it does not contribute 
to the order 1/t 3 it is sufficient to consider the terms in Cijki that scale as t -1 / 2 , and the 
terms in (Vi/) ijfcZ that scale as t . As was mentioned above, in this case Cijki do not 
vanish only if i,j,k,l = 6,7,8,9, and (Vi/) ijfcZ do not vanish only if two of the indices 
i, j, k, I take values from 6 to 9, and the other two indices take values from 1 to 6. Moreover, 
in any of the pairs i, j or k, I one of the indices takes values from 6 to 9, and the other 
takes values from 1 to 6. For this reason, we find that the eioeio term vanishes. The t^s 
term has to be computed by using ( |B.11| ), and also gives zero. It is worth noting that in 
this consideration we have not assumed that the fluctuation b of B2 vanishes. Thus, this 
term gives contributions of order t~ 7 ^ 2 to both the equations of motion for the <fi and b. 

To show that C(Vi/) 2 V 2 <^> does not contribute to the order 1/t 3 , we take C^ki and 
(Vi/) i j k i with the same scaling as above, and V 2 </> scaling as t -1 / 2 . Then a straightforward 
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computation shows that among the invariants I a b only Z41 = does not vanish. This 
invariant, however, does not appear in the difference X — |Z that gives the a' 3 correction. 
Therefore, we need to show the vanishing — 768A7 + "trace terms" in ( |B.12| ). Computing 
Aj and the "trace terms" , we get 

A 7 = - f) , \z' = -^(120' + f) . (B.14) 

Thus, their total contribution is 

768A 7 - l -Z> = ^^(40' + cj>") . (B.15) 

As was explained above, it leads to a contribution of order t -7 / 2 to the dilaton equation 
of motion. This is of the same order as the contribution due to the C 4 term. 

In JTTJ] and in Appendix A it was shown that there are certain terms of the form {t%t% + 
! e io £ io)C 3 i^ 2 where H 2 is given by ( |2.12[ ). It is again clear that the eioeio term cannot 
contribute to the 1/t 3 order. Computing the tgts term by using (|B.11| ) and ( |B.13| ), we find 
that, although all the invariants contribute to the order 1/t 3 , the total contribution of 
the tsts term starts with 1/t 4 . El 

Thus, we see that special properties of the 8-derivative corrections to the type IIB 
effective action lead to a number of cancellations when evaluated on the KT background. 
These cancellations are needed for consistency with the RG flow in the dual field theory. 



Though we have proved in Appendix A that the term (2.10) is not present in the effective 
action, we have checked that it also starts with 1/t 4 . 
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